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Abstract: We derive pomeron vertex operators for bosonic strings and superstrings 
qs, in the presence of D-branes. We demonstrate how they can be used in order to com- 

pute the Regge behavior of string amplitudes on D-branes and the amplitude of 
ultrarelativistic D-brane scattering. After a lightning review of the BCFW method, 
we proceed in a classification of the various BCFW shifts possible in a field/string 
theory in the presence of defects/D-branes. The BCFW shifts present several novel 
features, such as the possibility of performing single particle momentum shifts, due 



to the breaking of momentum conservation in the directions normal to the defect. 
Using the pomeron vertices we show that superstring amplitudes on the disc in- 
volving both open and closed strings should obey BCFW recursion relations. As a 
particular example, we analyze explicitly the case of 1 — > 1 scattering of level one 
closed string states off a D-brane. Finally, we investigate whether the eikonal Regge 
regime conjecture holds in the presence of D-branes. 
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1. Introduction and summary of results 

Recently, there has been remarkable progress in exploring the properties of the S- 
matrix for tree level scattering amplitudes in gauge and gravity theories. Motivated 
by Witten's twistor formulation of Af = 4 Super- Yang-Mills (SYM) [1], several 
new methods have emerged which allow one to compute tree level amplitudes. The 
Cachazo-Svrcek-Witten (CSW) method [2] has demonstrated how one can use the 
maximum helicity violating (MHV) amplitudes of [3] as field theory vertices to con- 
struct arbitrary gluonic amplitudes. 

Analyticity of gauge theory tree level amplitudes has lead to the Britto-Cachazo- 
Feng-Witten (BCFW) recursion relations [4, 5]. Specifically, analytic continuation of 
external momenta in a scattering amplitude allows one, under certain assumptions, 
to determine the amplitude through its residues on the complex plane. Locality and 
unitarity require that the residue at the poles is a product of lower-point amplitudes. 
Actually the CSW construction turns out to be a particular application of the BCFW 
method [6]. 

The power of these new methods extends beyond computing tree level ampli- 
tudes. The original recursion relations for gluons [4] were inspired by the infrared 
(IR) singular behavior of M = 4 SYM. Tree amplitudes for the emission of a soft 
gluon from a given n-particle process are IR divergent and this divergence is cancelled 
by IR divergences from soft gluons in the 1-loop correction. For maximally supersym- 
metric theories these IR divergences suffice to determine fully the form of the 1-loop 
amplitude. Therefore, there is a direct link between tree level and loop amplitudes. 
Recently there has been intense investigation towards a conjecture [7, 8] which relates 
IR divergences of multiloop amplitudes with those of lower loops, allowing therefore 
the analysis of the full perturbative expansion of these gauge theories 1 . These new 
methods have revealed a deep structure hidden in maximally supersymmetric gauge 
theories [11] and possibly in more general gauge theories and gravity. 

The recursion relations of [5] are in the heart of many of the aforementioned de- 
velopments. Nevertheless it crucially relies on the asymptotic behavior of amplitudes 
under complex deformation of some external momenta. When the complex parame- 
ter, which parametrizes the deformation, is taken to infinity an amplitude should fall 
sufficiently fast so that there is no pole at infinity 2 . Although naive power counting of 
individual Feynman diagrams seems to lead to badly divergent amplitudes for large 
complex momenta, it is intricate cancellations among them which result in a much 
softer behavior than expected. Gauge invariance and supersymmetry in some cases 

1 Very recently there has been a proposal for the amplitude integrand at any loop order in Af = 4 
SYM [9] and a similar discussion on the behavior of loop amplitudes under BCFW deformations 
[10]. 

2 There has been though some recent progress [12, 13] in generalizing the BCFW relations for 
theories with boundary contributions. 
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lies into the heart of these cancellations. 

A very powerful criterion has been developed in [14] and studied further in [15] , 
which allows one to infer, purely from the symmetries of the tree level Lagrangian, 
which theories allow BCFW relations and for which helicity configurations. Con- 
sidering the deformed particles as "hard" which propagate in the "soft" background 
created by the undeformed particles, we can study the asymptotic behavior of scat- 
tering amplitudes under large complex deformations. This behavior is ultimately 
related to the ultraviolet (UV) properties of the theory under consideration. For ex- 
ample, M = 4 SYM is a theory with excellent UV behavior and the BCFW relations 
take very simple form allowing one to determine fully all tree level amplitudes of the 
theory for arbitrary helicity configurations [16]. 

It is natural to wonder whether these field theoretic methods can be applied and 
shed some light into the structure of string theory amplitudes. This is motivated, in 
particular, by the fact that the theory that plays a central role in the developments we 
described above, that is M = 4 SYM, appears as the low-energy limit of string theory 
in the presence of D3-branes. In order to even consider applying the aforementioned 
methods to string scattering amplitudes, one needs as a first step to study their 
behavior for large complex momenta. Since generally string amplitudes are known to 
have excellent large momentum behavior, one expects that recursion relations should 
be applicable here as well. Nevertheless, one should keep in mind that although the 
asymptotic amplitude behavior might be better than any local field theory, the actual 
recursion relations will be quite more involved. The reason is that they will require 
knowledge of an infinite set of on-shell string amplitudes, at least the three point 
functions, between arbitrary Regge trajectory states of string theory. 

The study of the asymptotic behavior of string amplitudes under complex mo- 
mentum deformations was initiated in [17] and elaborated further in [18, 19]. These 
works established, using direct study of the amplitudes in parallel with pomeron tech- 
niques, that both open and closed bosonic and supersymmetric string theories have 
good behavior asymptotically, therefore allowing one to use the BCFW method 3 . 
Moreover, it was observed in [18] that for the supersymmetric theories the leading 
and subleading asymptotic behavior of open and closed string amplitudes is the same 
as the asymptotic behavior of their field theory limits, i.e. gauge and gravity theories 
respectively. This led to the eikonal Regge (ER) regime conjecture [18] which states 
that string theory amplitudes, in a region where some of the kinematic variables are 
much greater than the string scale and the rest much smaller, are reproduced by 
their corresponding field theory limits. For bosonic theories there is some discrep- 
ancy in some subleading terms [19] which most probably can be attributed to the 
fact that an effective field theory for bosonic strings is plagued by ambiguities due 
to the presence of tachyonic modes. 

3 Recently, pomerons have also been used in [20] to advocate that BCFW relations exist in higher 
spin theories constructed as the tensionless limit of string theories. 
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The purpose of the current work is to study string amplitudes which involve 
both open and closed strings in the presence of D-branes. We will use the method 
of pomeron operators since we believe it is the most direct one and it will allow us, 
as a byproduct, to derive a few interesting results which apply beyond BCFW. In 
addition, the analysis of BCFW deformations is general and applies to all situations 
where a defect (brane) in spacetime interacts with bulk modes. 

In section 2 we give a short review of the relevant CFT machinery for string 
operators in the presence of a boundary on the world-sheet. In section 3 we use 
the operator product expansion (OPE) technology at hand to derive the pomeron 
operators, along the lines of [21], for D-branes in a flat background. The main 
idea is to divide the string operators into two sets highly boosted relatively to each 
other. The pomeron operator is exchanged between the two sets of operators and 
exhibits the typical Regge behavior expected for such a process. We study the Regge 
behavior of the prototype amplitude for the scattering of two closed string tachyons 
off a D-brane. 

There are two qualitatively different factorization channels of the string ampli- 
tude on the world-sheet which lead to two different pomeron operators. The first 
factorization, into a sphere and a disc, leads to the closed string pomeron operator 
while the second, into two discs, leads to the open pomeron operator. This factor- 
ization can appear even if one of the two sets of operators has a single closed string 
operator. This is unlike the usual purely closed string theory analysis which requires 
at least two operators for each set. This is a novel feature due to the presence of the 
D-brane. 

Subsequently, section 2 contains two applications. First, we compute a mixed 
open-closed string amplitude on the disc applying the pomeron machinery. This 
example demonstrates an important point. The field theory limit factorization of 
string amplitudes cannot always be reproduced by a corresponding Regge channel 
factorization. This is unlike the pure open string theory where Regge channels due 
to two highly-boosted gluons coincide with the two particle factorization channels 
of gauge theory amplitudes. Actually for some amplitudes there is no Regge type 
behavior at all for the world-sheet factorization which leads to the massless poles. 
This will have profound consequences for the ER regime conjecture in the presence 
of D-branes. 

The second application deals with ultrarelativistic scattering of D-branes. Unlike 
the previous examples, where pomerons were used for computing scattering of highly 
boosted string states off a D-brane, in this case we use the pomeron technique to 
compute the scattering of one D-brane off another. This way we can reproduce the 
result of [22]. We conclude this section by giving the explicit formulas for the pomeron 
operators for level one states of both bosonic and superstring theories. There are 
three different pomerons for each case. The open string pomeron from the OPE of 
two open string states on the disc, the closed string pomeron from the OPE of two 
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closed strings on the sphere and a tadpole pomeron operator from the OPE of a 
closed string with its image as it approaches the boundary of the disc world-sheet. 

The results of this section can be useful for holographic computations as well. 
One would need to extend the pomeron operators in a curved, asymptotically AdS 
background along the lines of [21]. Open strings attached to D-branes model quarko- 
nium states and closed strings glueballs.. Therefore pomeron operators for open- 
closed string amplitudes would be useful in studying quarkonium-glueball scattering 
in the Regge regime. Furthermore, D-branes correspond holographically to non- 
perturbative states of the boundary gauge theory. For D-brane scattering we would 
need the corresponding boundary states for highly boosted D-branes moving in the 
curved background. We leave these interesting applications for future investigations. 

In section 4 we give a lightning review of the BCFW method for field theories. We 
continue with an analysis of the possible BCFW shifts for scattering amplitudes in 
the presence of defects. The analysis is general and does not rely on string theory. It 
can be used for field theories in the presence of defects such as brane-world theories. 
There is a plethora of multi-particle BCFW shifts. We concentrate on the two 
simplest cases the two particle and single particle shifts. The case of the two particle 
shift is momentum conserving in all directions and encompasses the standard BCFW 
shift for both bulk and brane modes. The single particle shift, special to theories 
where a defect is present, includes shifts which violate momentum conservation in 
the directions transverse to the defect and applies only to bulk modes. The single 
particle shift is the one which leads to the tadpole pomeron operators of the previous 
section. 

In section 5 we use the results of sections 3 and 4 to derive the behavior of 
disc scattering amplitudes under two particle momentum shifts for open and closed 
strings and the one particle momentum closed string shift. The pattern for the 
two particle shifts is the same as that for gauge theory and gravity respectively. 
The one particle shift leads to a behavior similar to the two particle open string 
shift as dictated by the Kawai-Lewellen-Tye (KLT) [23] relations. For superstring 
amplitudes the behavior derived is the same as the field theory analysis for gauge 
and gravity theories. We conclude the section with an explicit example where we 
compute the BCFW behavior for the superstring scattering amplitude on the disc 
of two level one closed string states for both the two particle and one particle shifts. 
We verify that indeed our pomeron analysis gives the correct behavior. 

Section 6 makes an attempt to identify a field theory whose behavior under 
BCFW shifts is the same as that of the string theory amplitudes, therefore extending 
the ER regime conjecture to the case of D-branes. We do not succeed in identifying 
such a field theory and there are several good reasons why the conjecture might not 
be applicable for string amplitudes involving D-branes. The first observation is that 
tree level field theory diagrams describing exchange of a bulk field between D-branes 
correspond to loop amplitudes in the string theory side. For instance, a closed string 
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exchanged between D-branes is related through world-sheet duality to the annulus 
(one-loop) amplitude of open strings. 

Another crucial point, as mentioned before, is that Regge channel factorization 
does not always agree with the field theory limit factorization of the amplitude. In 
addition, there are amplitudes whose behavior under certain BCFW shifts is not of 
Regge type. Nevertheless, they have the behavior predicted by the Dirac-Born-Infeld 
(DBI) effective field theory. However, the field theory diagrams constructed using the 
DBI vertices corresponding to non-Regge amplitudes, lead into disagreement with 
the pomeron analysis for amplitudes with Regge behavior. 

These problems might have been expected since, as pointed out in [14], in a 
gauge theory with higher dimension operators such as (F /Jiu ) n , n > 2 the nice BCFW 
behavior of Yang-Mills (YM) theory is spoiled. This dictates that we should take the 
low-energy limit of the DBI action which eliminates all the aforementioned higher 
dimension operators and leaves only the SYM action. Moreover, when we consider 
amplitudes with closed and open strings on D-branes with Regge type behavior under 
BCFW shifts, we find out that they cannot be reproduced by keeping closed string 
couplings in the DBI action. Since these couplings are proportional to Newton's 
constant kn, they are higher dimension operators and in the spirit of the discussion 
above should be eliminated. We conclude that the ER regime conjecture might 
work only in the decoupling limit of the D-brane theory. It would be interesting 
to investigate if this conclusion has any implications for high energy scattering in 
holographic backgrounds. 

2. Conformal field theory with D-branes 

In this paper we will consider the bosonic string and the NS sector of the superstring. 
In this section we summarize for convenience the relevant notions from CFT that we 
will employ (see, for instance, [24, 25, 26]). 

In spacetime Dp-branes are represented as static (p+l)-dimensional defects. As 
a result of these defects we must impose different boundary conditions on the world- 
sheet boundary to coordinates tangent and normal to the D-brane 



The lower case Greek indices a = 0,1 ... ,p correspond to directions parallel to the 
D-brane while the lower Latin ones % = p + 1, . . . ,9 to normal coordinates. The 
boundary conditions (2.1) are respectively Neumann and Dirichlet. 

The string vertex operators of a closed string are factorized in holomorphic and 
antiholomorphic parts and they take the following schematic form 



d ± X a | as = , 
x l | aE = . 



(2.1) 



V {s ,s)(z,z) ~ e : 



V w (z)::V w (z): 



(2.2) 
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where e is a polarization tensor. For the superstring s denotes the superghost charge 
or equivalently the picture in which the operator is in. The total superghost charge 
on the disk is required to be Q sg = — 2 as a consequence of superdiffeomorphism 
invariance. 

The holomorphic parts of the vertex operators for bosonic string tachyons and 
level 1 states carrying momentum p are 

V T (z; p) = e ip - x{z) , 

V^(z;p) = x -dX»(z)e ip - x{z) (2.3) 
V oc 

respectively. For example, the vertex operator for a closed string tachyon reads 
V Tc (z,z;p) = V T (z; p)V T (z; p) . Notice that the vertex operators for open string 
tachyons and gluons take a form similar to the above expressions. 

The holomorphic parts of the vertex operators corresponding to massless states 
(level 1) of the closed superstring are given by 

V^z-p) = e-^ z) ^(z)e ip - x{z) 

V^z-p) = x JI(dX^z)+i^p-^z)r(z))e i ^ (2.4) 

in the -1 and picture respectively with similar expressions for the anti-holomorphic 
part. As usual if is the bosonized superconformal ghost. 

The expectation values of string vertices are found using the following correlators: 

(X»(z)X»(w)) = - j V ^log(z -w) , 

(r(zW(w)) = , (2.5) 

z — w 

(<p(z)<p(w)) = - log(z-w) . 

The Minkowski metric is if" = diag{— 1, +1, . . . , +1}. Because of the boundary 
conditions we have non-trivial correlators between the holomorphic and the anti- 
holomorphic parts 

(X^z)X»(w)) = D^log(z-w) , 

(r(zW(w)) = -— , (2.6) 
(<p(z)ip(w)) = - \og(z - w) 

where D% is a diagonal matrix with +1 for directions tangent to the world- volume 
and -1 for the normal directions. 

n l . p ip-X(w) . 

dX^(z) : e ip - xiw) : ~ -ip»-- , (2.7) 

w F 2 z-w y ' 
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. e i Pl -X(z) . . e ip 2 -X(w) . ^ ^ z _ W ^VW2 . e ipi-X(z) e ip2-X(w) . ^ ^.8) 

In some cases it will be more convenient to use the correlators on the disc [36] 
rather than on the half-plane: 

a' 

{X»(z)X v (w)) = -— D» v \og{\ - zw) , 

(r(z)r(w)) = i-— . (2.9) 

At this point it is useful to define two projection matrices and Njf which 
project on the tangent and normal directions of the brane respectively and satisfy 

D^^V^-N^ , V^ = V^ + N^. (2.10) 

It is important to notice that momentum is conserved only along the tangent direc- 
tions. Therefore, if we have a set of strings scattering with momenta pf, momentum 
conservation takes the following form: 

n 

j2(pi+D Pl r = o . (2.H) 

i=l 

Extending the definition of the fields to the whole complex plane [25] we can write 
all our vertices in terms of left moving string operators by making the substitutions 

X»(z)^DZX»(z) , $»(z) ^ DW(z) , <p(z)^<p(z) 

where z G H + . This way we use the standard correlators (2.5) in string amplitude 
computations. After these replacements we write for the case of a graviton with 
polarization e MJ , in the superstring 

V M (z,z;p) = (eD)^ : V»(z;p) :: V?(z;Dp) : (2.12) 

Similar manipulations allow us to write the open string vertex operators for Neumann 
and Dirichlet conditions in the -1 and picture as [25] 

V^ix-^k) = e-^ x) ^{x)e l2k - x{x) , 

Vfc(x; 2k) = yJ^(dX»{x) + ia'k ■ ^(x)^(x))e i2fc ' x(a;) (2.13) 

with x G R and the momentum k^ restricted to be tangent to the brane. The vertex 
operators (2.13) have momenta 2k in the exponent and a slightly different form in 
the zero picture as compared to (2.4). This is due to the fact we use the correlators 
(2.5) and (2.6) or (2.9) which are for closed strings and do not take care of the 
double subtraction needed for normal ordering operators on the boundary of the disc 
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[25] 4 . This will be important later when comparing our pomeron operators with 
those which have appeared recently in the literature. 

We have now all the ingredients to compute an amplitude between n open strings 
carrying momenta ki,I = l,...,n and m closed strings with momenta pj,J = 
l,...,m. 

A({ki},{pj})= f ^^-(f[--V(x I ;k I ): f[:V(zj,zj;pj): ) (2.14) 
Jd 2 Vckg \f = \ J 

with Vqkg being the volume of the conformal Killing group. The open string mo- 
menta can only be in directions tangent to the brane and momentum conservation 
reads 5 

n m 

J2k! + J2 V -PJ = ° • ( 2 - 15 ) 

1=1 J=l 

3. Pomeron techniques in the presence of D-branes 

Pomeron vertex operator for string amplitudes first appeared in [21]. We will use 
their method to derive pomeron vertex operators in the presence of boundary states. 
We will consider the scattering of two closed string tachyons off a D-brane and we 
will demonstrate the Regge behavior of this amplitude. Subsequently, we will use 
the OPE of tachyon operators in bosonic string theory and we will compute the 
pomeron vertex that reproduces the aforementioned Regge behavior. The purpose 
of computing the Regge limit behavior for this prototype amplitude is that it will 
enables us to identify two qualitatively different pomeron channels due to the presence 
of the boundary on the world-sheet. 

3.1 Pomeron operators for tachyons 

We consider the amplitude on the disc D 2 of two closed string tachyons with momenta 
Pi and p 2 . Using the correlators (2.9) and after dividing by Vckg we obtain 

A( Pl ,p 2 ) ~ / d 2 w (: V^(w,w; Pl ) :: V T <(0, 0;p 2 ) : ) D . 2 

~ / d 2 w(± - M 2 r' s/2 M- a '* /2 (3.i) 

Jd 2 

where the kinematic variables are s — p\ • D ■ p\ = p 2 ■ D ■ p 2 and t = —1p\ ■ p 2 . 
As is usual in the computation of string amplitudes, we assume that the kinematic 

4 Usually in the literature one sets for simplicity a' = 2 for both closed and open strings. We 
keep here a' explicitly since it is useful in order to track leading momentum contributions in our 
formulas. 

5 The projector V in the formula below should not be confused with a vertex operator! 
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variables take appropriate values where the integrals are convergent and once we are 
done with the integrations we can analytically continue to the physical region. For 
the integral in (3.1) convergence requires that s > and t < 0. 

Following the saddle point method of [21] we are able to identify the region of 
the world-sheet where the two different channels dominate: 

,2 t 

t — channel : —t << s — > \w\ ~ — , 

s 

s — channel : s « — t — > \w\ 2 ~ 1 . (3.2) 

The two channels are named after the subleading momentum invariant and corre- 
spond to distinct pomeron states giving the leading contribution to scattering where 
a set of operators is highly boosted with respect to the rest of the operators in the 
path integral. For scattering on the disc they correspond to two distinct factorization 
channels on the world-sheet: closed string (t-channel) and open string (s-channel) 
(see, for instance, [27]). In the ensuing OPE analysis we will use hatted symbols to 
indicate the momenta that are highly boosted. This will result in some kinematic 
invariants being larger than others, as for example in (3.2), and we will use hatted 
symbols for them as well. 

More specifically, for amplitudes on the sphere or purely open string ampli- 
tudes on the disc, kinematic invariants built from products of boosted or unboosted 
momenta are unhatted (small) while those from cross-products of highly boosted 
momenta with unboosted ones are hatted (large). We refer the reader to [21] for 
further details. A subtlety is that in the presence of D-branes it is possible that kine- 
matic invariants built only from boosted momenta are large. We shall see shortly 
such examples. In the present pomeron discussion this notation is not particularly 
useful but we will keep it in order to be in accord with the BCFW analysis which 
will follow later on. 

3.1.1 t-channel 

Let us first study the integral (3.1) in the t-channel region. The result is 

d 2 w e «W2iog(i-H 2 )| w |-«'t/2 ^ I" ^ e -^l»P| M |-# 

■ '.<■• 

~r(i-^)(^-\ (3,) 



4 / V 2 , 

Notice that we are integrating on a sphere since the region \w\ << 1 is far from the 
boundary of the disc. 

The corresponding pomeron vertex operator can be extracted from the OPE 

. gip^Xiw,™) . . e ip 2 -X(0,0) . ^ | w |-a'*/ 2 • e ipi-X{w)+ip 2 -X(0) .. ^p 1 -X(iv)-Hp2-X{0) . ^ 

~ \w\~ a ' t/2 ■ e *(Pi+P2)-^(0)+M«Pi-dX(0) .. e i(pi+p2)-X(0)+M«pi-aX(0) . 
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As in [21] we have kept the terms subleading in w and w. Moreover, we have normal 
ordered separately the holomorphic X and antiholomorphic X fields since when this 
operator approaches the boundary there will be non-trivial correlators between them 
due to (2.9). Integrating over w we extract the pomeron vertex 6 

V TcTc = U c (a't) : e ip ' x (°)(^i • dX)^~ l : : e ip ^)(i pi • dX)^ 1 : (3.5) 
where p = p\ + j3 2 and the closed pomeron propagator reads 



(3.6) 



Actually, to be closer to the spirit of [21] we should expand the OPE symmetrically 
in the positions of the two operators, therefore obtaining 

V TcTc = Tl c (a't) : e **(°)(iQ • 8X)^~ l : : e ip ^°\iQ ■ dX)^' 1 : (3.7) 

where Q = Pl ~ P2 . This operator satisfies the physical state conditions of the Virasoso 
algebra 

L V T ^ = jP 2 + N-l = ^(p 1+ p 2 y+(^t-^-l = 0, 

L 1 V TcTc ~ Q ■ p = . (3.8) 

Taking the expectation value of this operator on the disc D 2 and using momen- 
tum conservation along the D-brane (p + DpY = 0, yields 



a't . \ . ( a' 



a't 
4 



-1 



~r(i-£) {^f- 1 (3,) 

which indeed agrees with (3.3). We have used that Q ■ D ■ Q = s — | + ^p-, where 
m^ c = — A /a' is the tachyon squared-mass, and so Q ■ D • Q ~ s in the kinematic 
regime under consideration. 

3.1.2 s-channel 

Now let us proceed with the s-channel region. In this case (3.1) becomes 

/ d 2 we- a,i ^ w \\l-\w\Y s / 2 ~ f d 2 we- a,i /^ w \ 2 - l \l-\w\ 2 ) a ' s / 2 
Jd 2 Jd 2 



a s -i 

^ < a't^ 2 ~ 



a s 



6 Notice that compared to the pomeron vertex operator of (3.6) in [21] we have an extra phase. 
This is in agreement with (3.20) and (3.21) of the same paper. 
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We have dropped the contribution of an incomplete gamma function which goes to 
zero for large a't/4. 

Notice that this world-sheet region dominates when a single string vertex opera- 
tor approaches the disc boundary which we choose to be the operator with momen- 
tum pi. The OPE we need to consider this time is between the holomorphic and 
anti-holomorphic pieces of the corresponding vertex operator near the disc boundary 

. e Wi-X{w) .. e ip!-X(w) . ^ ^ w _ ^ct's/ 2 . e ipi-X(w) e iD-p v X(w) . 

~ (2iy) a ' s/2 : e i (^+ D -M- x i x )+ i yM9X-D-dX) . (3.11) 

where we used this time correlators on the upper half-plane and the parametrization 
w = x + iy with y = being the boundary. Performing the integral over y and using 
the identity p + D ■ p = 2V ■ p results in 

V Tc = U°{a's) (ift • N ■ dXy 1 -*' 3 ' 2 S 2V ^ X (3.12) 

or, in the symmetric OPE expansion, 

V Tc = U°(a's) (iQ ■ dX)~ l - a ' s/2 e i{2kyx (3.13) 

where 2k = p\ + D ■ p\ = 2V ■ p± and 2Q — p\ — D ■ p\ — 2N ■ pi and the pomeron 
propagator is 

ni^) = r(y + i) • (3.14) 

The subscript indicates that the pomeron vertex corresponds to the factorization of 
the amplitude into a closed string tachyon tadpole on the D-brane connected via 
the pomeron with the rest of the operators in the path integral. Such a behavior 
is possible due to the non- conservation of momentum normal to the D-brane and is 
one of the novelties of the present analysis. 

This operator is an open string pomeron vertex. We can verify that the physical 
state conditions are satisfied 7 

L V Tc = ^(2A;) 2 + N-1 = a'iVp,) 2 +^-1-^-1 = 0, 

LiV Tc ~ Q -k = N ■p 1 -V -px =0 . (3.15) 

To compare with the corresponding expression in (3.10) it is instructive to com- 
pute the amplitude in the symmetric manner indicated in [21]. This is the symmetric 
picture of pomeron exchange which separates the boosted particles into two sets and 

7 The level N in the first formula below should not be confused with the projector N in the 
second formula! 
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uses the pomeron vertex 8 to connect the individual diagrams. We can indeed com- 
pute the amplitude due to pomeron exchange between two oppositely boosted closed 
string tachyons with momenta p\ and p2 

-l-a's/2 




N-p 2 



(3.16) 



where we have suppressed the corresponding ghost contributions which are needed 
to fix the individual CKG of the two discs. The factors y in the computation of 
each disc amplitude appear due to the normalization of the pomeron operators, as 
can be derived by equation (3.12) of [21] for the open pomeron and the contractions 
using (2.5) and (2.6) . Moreover we have used the fact that in this regime we have 
i = —2pi ■ p2 ~ — 2pi ■ N ■ p 2 , since — 2pi ■ V ■ j3 2 << p\ ■ N ■ p 2 in the kinematic regime 
under consideration and the expression in (3.16) assumes contractions of the tensors 
between the amplitude of the one disc and the other 9 . 

We can also repeat the t-channel computation in this symmetric formalism 

A ~ <V T % 2 U c (a't) <V Tc V? V 2 T ) S2 (3.17) 

A short computation of the two individual diagrams and contraction using the prop- 
agator results in the expression (3.9). 

At this point we should make two comments. First, the reason we have insisted on 
this symmetric formulation is that although in the present paper we will discuss two- 
particle BCFW deformation of the amplitudes there exist more general ones involving 
three or more deformed momenta. These have appeared in the literature in various 
works [6, 28]. The behavior of amplitudes under more general deformations can be 
studied using this symmetric formalism by grouping two, three or more particles on 
the left part of the amplitude and the rest on the right one. We will say a bit more 
on this point in the conclusions. 

Second, note that for the corresponding superstring scattering of level one states, 
that is the graviton, the dilaton and the Kalb-Ramond field [25], the two pomeron 
channels correspond to the field theory channels which reproduce the expected be- 
havior from the gravity plus DBI actions (see for example [29]). From a technical 



8 Notice that in this context the pomeron vertex (3.13) appears stripped of its polarization vector 
iQ^, much like in field theory the intermediate gauge bosons polarizations are substituted with their 
propagator. 

9 A more elegant way to put it is the +/— plane formalism of [21] but we will be a bit sloppy 
and make our notation more compact. 
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point of view this comes from the fact that in these amplitudes there is an overall 
beta function expression which multiplies an expression which does not depend on 
ol and therefore it goes into itself in the field theory limit ol — > 0. The field theory 
poles come from massless poles of the beta function expression. When we take the 
opposite limit, i.e. Regge one, the pomerons effectively average over the zeros and 
poles of the beta function which lie on the real axis of the kinematic variable [30]. 
It is therefore no surprise that the structure and factorization channels of the two 
different limits agree. But it is highly non-trivial in more complicated amplitudes 
where this simple structure is not expected to persist. 

3.1.3 Application 1: closed string tachyon scattering with three open 



In this section we would like to demonstrate how the pomeron operators can be 
used to extract the Regge behavior for amplitudes involving both closed and open 
string states. Our results will be relevant for the comparison with the field theory 
expectations in the spirit of [14]. In principle we should consider an amplitude 
closely related to (3.1). It has been shown in [23] that closed string amplitudes can 
be constructed by gluing of open string amplitudes. The four open string case on 
the disc can be used in similar manner to construct [24] the two closed and the two 
open - one closed string amplitudes based on the identification (2.12). Recently this 
idea has been pushed even further to demonstrate in full generality the relation of 
pure open string amplitudes to amplitudes with both open and closed strings [31]. 

In the previous section we studied the two closed tachyons amplitude. The next 
case one could try is amplitude of two open tachyons with momenta fa, k 2 and one 
closed tachyon with momentum p 



Due to momentum conservation there is only one kinematic variable t = —2k\ ■ k 2 = 
2ki ■ p + = 2k 2 ■ p + |t and the amplitude does not exhibit Regge type behavior. 
One can indeed see that its large t behavior is not a pomeron like one. This will 
actually be important for our discussion in section 6. 

The next case to consider is the three open and one closed tachyon amplitude. 
The corresponding amplitude in the superstring for three scalars and one graviton 
has been computed in [26]. The bosonic tachyon case can be extracted easily 



strings 



A{p, fa, k 2 ) 





r(i-ft) 2 




(3.19) 



r(i 




- a' 



,1 t+u^ 



14 



where the kinematic variables are defined as 



s = -4fci • k 2 , t = -4fci • h , u = -4k 2 ■ h (3.20) 

and they satisfy 

6 

2(V -pf + s + t + u= — . (3.21) 

a 

First lets try to find a Regge regime of the s-channel type as in (3.10). This 
corresponds to the factorization of the three open string states on a disc and the 
closed string state on another disc connected with a strip (open string state). But as 
in the case of (3.18) there is no Regge type behavior with such a factorization. This 
is due to momentum conservation 

V ■ V + h + k 2 + k 3 = (3.22) 

which dictates that if we highly boost the three open string states in one direction 
the closed string is boosted as well and there is no pomeron exchange among them. 

In the supersymmetric computation of [26] the amplitude is the product of a an 
expression similar to (3.19) and a kinematic prefactor which depends on the momenta 
and polarizations of the scattered particles. In that case the amplitude has a factor 
T (— o: / s+ * + " ) whose massless pole give rise to the field theory limit of the amplitude. 
From the discussion above it should be clear that there is no Regge type behavior 
which leads to the same factorization on the world-sheet as the field theory limit 
does. This will be important in our discussion in section 6. 

Instead, we can choose to boost only two open string tachyons, say those with 
momenta k\ and k 2 , which corresponds to the kinematic region 

(V -p) 2 ,s «t,u . (3.23) 

In this limit 



r(i-a^) 



a'u 



a' a 1 

4 2 / 

a s 



e * (3.24) 



and similarly for the ratio of the other two Gamma function involving t and s. Since 
t ~ — u due to (3.21) we finally obtain 



a'u\ 2 „ /2 - a's\ 1 [ 2 



a s 

a' s 



4 J V 4 



A(p,Kk2,h)^e~ — r —— f ±- — (3.25) 
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Let us know see how we can reproduce this behavior in terms of the pomeron. 
Using the open pomeron vertex of [18] 10 we arrive at the expression 

A(p, h,h, h) ~ J dx ((c(x) + c(-x)) c(i) c{-i)) x Y ^1 - x 

({h - k 2 ) ■ dXy S ~\ 2i{ - h+ ' k *> x {x) e 2ih3 - x (-x) e tp - x (i) e Wp - x (-i) 



(3.26) 



This amplitude contains the open pomeron corresponding to the highly boosted 
strings with momenta k\ and k 2 and the unboosted open and closed tachyons with 
momenta k 3 and p respectively. We have inserted the open pomeron at x on the 
boundary, the open tachyon at —x and the closed tachyon at (z, z) = (i, —i). 
After performing the operator contractions we obtain 

A{pMMM)~ (u'(u-t)) 2 Th--s)l(s,V-p) (3.27) 
where the integral 

POD 

J( S , V-p)= dy{y- l)«V2-y«'(V>) 2 -3)/2 (1 + y ya>(V- P )* + 2-a's/2 = 

can be found in [32]. Using the identities [33] 

2*1 (l " • P? - \;a'(V • pf - 1; 2 ) = 

(-l) Q ' s/4 - 1/2 2F1 (y « " \4 {V ■ P)2 + X - 1; ' P)2; X ) (3 ' 29) 

and 

2fl(o , 6;c;1)= g£)£(iZ^| (3.30) 
1 (c — a)l (c — b) 

we can indeed match this result with the expression in (3.25). This verifies our 
formulation and moreover demonstrates that Regge behavior is indeed distinct from 
the field theory limit making the conjecture of eikonal Regge region of [18] non-trivial. 

We would like to make a final comment before moving on to the next section. In 
(3.26) we chose to boost the momenta ki, k 2 in order to compute the amplitude. We 
therefore used the pomeron vertex form for the OPE of two open string tachyons. We 
could have chosen to work with the OPE of the closed string with one open string, 



10 Notice that a' here = 2a' there . 
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corresponding to a boost of p and, say, k^. This leads to a new pomeron, V TcTo , 
which describes the mixing of one open with one closed string tachyon. The OPE 
is in principle more complicated since it has two singularities to integrate over, one 
from the closed string operator approaching the open string and a second one from 
the self-interaction of the closed string operator with its image when it approaches 
the boundary. Nevertheless, if a'p-D-p = a'p-V-p = 4, that is when the closed string 
has only world- volume momenta, the computation using the OPE is rather easy and 
it leads to the pomeron operator discussed in appendix B. One then proceeds with 
the three point amplitude of this pomeron operator and the other two open string 
tachyons on the disc reproducing once more the limiting behavior (3.25). 

3.1.4 Application 2: ultrarelativistic D-brane scattering 

In this section we will compute the absorptive part of the 1-loop partition function 
of two ultrarelativistic branes using pomeron operators. Our result will be compared 
to the result of [22]. 

We would like to consider scattering of D-branes which move at high relative 
velocities very close to the speed of light. The scattering of two such objects is 
dictated, in the lowest order in perturbation theory, by computing the one-loop 
partition function for the open strings stretching between them. Through world- 
sheet duality this is related to the emission of a closed string state from one brane 
and absorption by the other. We will concentrate to the bosonic case although the 
supersymmetric one is totally analogous. 

Lets begin by defining the setup and a few useful quantities. For a Dp-brane 
moving in a (i-dimensional spacetime with velocity Vi we have the momentum vector 

P? = M p [ ; 1 ; Vl ) (3.31) 

where M p is the mass of the D-brane. Assume that the two D-branes have velocities 
very close to the speed of light, \V\\ = | V2 1 = 1 — q, ?< 1, and opposite to each 
other Vi = —V2. The kinematic invariant describing the scattering process is 

8 = -P x .P 2 = Ml ( - i-V M \ ~ Ml- . (3.32) 

The D-branes have world- volume coordinates x a , a — 0, ... ,p with Neumann bound- 
ary conditions while the transverse directions x l , i = p + 1, . . . ,d — 1 have Dirichlet. 
For simplicity assume that the two D-branes move oppositely along the direction 
x d ~ l and are separated by a distance b along the direction x± = x d ~ 2 . We define 
x ± = -^(x ± rr^" 1 ) light cone coordinates. The first brane is boosted along the x + 
direction and the second one along x~ . 
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The pomeron computation for this scattering takes the form 11 



A ~ (B,Vi| A \B,V 2 ) ~ 

^ (^0^(0)) n c (a'fci)<V^(0)) (D2y2) (3.33) 

where A is the closed string propagator and \B, V) is the boundary state for a brane 
moving with velocity V . In the second line we use the CFT approach and consider 
the boundary conditions on the disc D 2 for moving branes with velocities V\ and V 2 , 
while kj_ is the pomeron momentum which is transverse to the D-branes and to their 
line of motion, i.e. it is along the x± direction. In the notation of subsection 3.1 we 
have —t + 8/a' = p 2 = k\. The pomeron propagator (3.6) takes explicitly the form 



n Vfci) = -S 4 J . (3.34) 



We use now the one-point function of the pomeron operators (3.7) on the D-brane 
to compute 

ip-X . . I °^ ) e i P -x 



(d 2 ,vi) 

(3.35) 

We have assumed that V\ is along x + and inserted the appropriate pomeron vertex 
normalized as in [21]. The correlator is computed on the boundary state of a boosted 
D-brane [34]. One can compute the matrix M(V) defined in [34], which describes 
the gluing of holomorphic and antiholomorphic fields on the moving D-brane, in the 
ultrarelativistic limit. It turns out that the leading correlator, on the disc, is 

a' 1 

X + {z)X + {w) ~ --- ln(l - zw) . (3.36) 
2 q 

The brane glues together the holomorphic X + and antiholomorphic X + string co- 
ordinates. Notice that for light cone coordinates the only non-vanishing correlators 
between holomorphic fields is (X + (z)X~ (w)) and similarly for the antiholomorphic 
fields. 

We will also need the boundary state normalization from [34] 
Ay = (l) (D2iy) ^ {2nV^) d± Vl -V 2 d^" 1 - x°V - y*- 1 ) JJ 5{x l - y l ) (3.37) 

where we have defined d± = d — p — 2, ignored factors of it and kept only factors 
depending on a' and V. The delta function describes the motion of the brane in 



11 Notice that here V TcTc is the stripped pomeron vertex, see also footnote 7. 
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spacetime and depends on the zero modes x l , i — p + 1, . . . ,d — 1 and the initial 
position y l . The final result, after combining all the ingredients and using Euler's 

7T 

reflection formula T(x)T(l — x) = , takes the form 

sin nx 



where 

a'k 

17T ( -1 + 

e 




4 



f 1 , a ' k l\ 

sinn I -1 + 1 



(3.39) 



The factor |Vi — V 2 | in the denominator of (3.38) comes from integration over the 
zero modes of the two delta functions of the boundary states in (3.37). In the 
ultrarelativistic limit under consideration we have 

One can alternatively boost the branes back to their approximate rest frames 
extracting the boost parameter (s/so) where s = 2M^ is the rest frame center of 
mass energy. Then, as explained in [21], the equation (3.33) becomes 

A~M Vl N V2 (^) 2 " a " ±/2 <V^(0)) (D2yi) U\a'kl){V T ^)) {D2 V2) . (3.41) 

Notice that compared to (3.20) of [21], the normalization factors (3.37) need to be 
taken into account in order to derive the correct result. 

Let us finally compute absorptive part of the scattering amplitude, Im(<5), in 
order to compare with the corresponding expression in [22]. This is given by the 
Fourier transform in position space of the imaginary part of the expression in (3.38). 
Notice that from (3.39) Im(F) = —1. We can easily show, as in [21] and using (3.40), 
that 



lm(S) ~ J d d ^k ± e^^lmiA) ~ 



V p (2nV^) 2d - (-^j J d d -k ± e^e-'^^U 



V — 
P Ml 



log 



s 
M2 

p 



2 



2a'log(^] 

e (3.42) 



with the impact parameter x± = b. This is indeed the result of [22] for d = 10. 
The scattering has the diffusive form in transverse position space typical of Regge 
scattering. The characteristic size, as seen form an observer placed on the other fast 
moving brane, grows with the center of mass energy as b 2 ~ a' log j • 
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3.2 Pomeron operators for level one states 



In this subsection we give the pomerons for level one states in the bosonic and 
superstring theories. These operators can be easily derived using similar OPE tech- 
niques as we used earlier for the tachyons. In all cases we kept the leading and 
sub-leading terms in the OPEs before integrating. Some of the results are given in 
[18, 19] and we list them along with our results. 

3.2.1 Bosonic pomerons 

The bosonic operators are as follows. The one involving two gauge bosons (or trans- 
verse scalars) reads 

~ e 2ikx V{2a'k 1 ■ k 2 )(-2tQ ■ dX)~ 2a ' k ^ 

^h-h-l ^'^ ~ ^ + 2i ( dX » k " ~ dX » k »)) ( 3 - 43 ) 

where k = k\ + k 2 = k\ + k 2 and 2Q — k\ — k 2 ■ 

The pomeron with two massless closed strings (gravitons, antisymmetric tensors 
or dilatons) in the bulk is 

Vg G s ~ -ef ef e ip - x U c {a' Pl ■ p 2 ){-Q ■ dX Q ■ Bxy^ 2 (3.44) 
(Q ■ 8X)P, V - K, v (^ Pl .p2-l) (Q • dX)P pp - Kjxp (^ Pl -p2-l) 

where p = p\ + p 2 , 2Q = pi — p 2 and 



a' 



P^u = -^ViiVv - Vu,u , = dX^p u - dX v p^ , (3.45) 



n {a pi • p 2 ) = -j- -, {-e v » ; 

T 2 - f Pl ■ p 2 ) 



(3.46) 



The form of the operator is determined either from the previous pomeron vertex by 
KLT or explicitly by computing the OPE of two operators at positions W\ and w 2 
and then integrating over their relative position (u>i — w 2 )/2 as in the tachyon case 
(3.4)-(3.5) (see Appendix A for the explicit derivation). We use barred and unbarred 
indices to distinguish the two independent Lorentz spin symmetries in the spirit of 
[14]. 

Finally, for the pomeron involving a massless closed string state on the disk 
(tadpole) we can use the doubling trick [24] which allows to construct a graviton 
vertex operator as a direct product of two gauge boson operators. The polarization 
is given by 

c^Dl = (eD)^ = e^ e' u . (3.47) 
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Of course the pomeron operator can be constructed directly using similar steps as in 
appendix A. The corresponding vertex is given by the expression 



+2i (dX^V ■ p) D - d(D ■ X) D (V • (-1 + °t P ■ D ■ ij 



-iQ ■ dX)(D ■ P) MP 
(3.48) 



where 2Q = p — D • p = 2N ■ p, we have used the fact that e^D • p u = 2e >J,v {V • p) 9 
due to the physical state condition and defined P^ u = —r]^ + 2a'(V ■ ■ p) v . 

Notice the difference of the prefactors compared to the analogous result for the Type I 
superstring in the zero picture in [18] . Our prefactors have tachyon poles as expected 
for the bosonic theory. 

3.2.2 Superstring pomerons 

For the type II superstring with D-branes, which is the case of interest in the present 
study, the zero picture results can be found in [18]. 

For two gauge bosons both in the -1 picture, we derive the following 

V s A i~ 1)A(_1) ~ e-^e^T^a'h ■ k 2 - l)(-2iQ • dX)~ 2a ' k ^ 

(r]^(-2iQ ■ dX) - ^(2a , fci • k 2 - 1)) (3.49) 

where we have designated the superghost charge of the operator. As in the previous 
examples we have defined k = k\ + k 2 = k\ + k 2 and 2Q = k\ — k 2 . 

For two massless closed strings we choose an asymmetric picture for the graviton 
operators. The reason for this is that if we wish to insert them on the disc we should 
not exceed the total superghost charge of —2, otherwise we will have to insert picture 
changing operators. We will compute the OPE of V(o,_i) with V(-i,o) by calculating 
separately the holomorphic OPE and using KLT to derive the closed string OPE. 
The holomorphic OPE we wish to compute is 

V(o)(l/)V ( _i)(-y) ~ e^(dX»+iaXk^)ry 2ikl - X (y) e 2;i ^e" V^ x (-y) . (3.50) 

The final result (see appendix A for some details) after the integration over y is 

V$- 1)m ~ ei ;M e 2; „ e"* e 2ihX r(2a'h ■ k 2 - 1)(Q • dxy 1 - 2 *'^ 
rf v (Q ■ dX){k 1 ■ i/>) + {2a'h ■ k 2 - 1) x (3.51) 

(-2(fci • i>)W + rT (Ch ■ V# + (k ■ - (Q ■ dX){^k v - ifW) . 

Now we can take the product of two such pomeron operators, one of which 
corresponds to the OPE of the holomorphic parts of the operators and the other 
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to the antiholomorphic, to obtain the closed string pomeron. One only needs to 
make the substitutions 2ki — > Pi for the holomorphic part, 2ki — > D ■ p^ for the 
antiholomorphic and to use the polarizations map x e^ v — > (tD)^ = t^D^. 
Moreover, we get a product of two gamma functions which can be manipulated 
to give the ratio of two gamma functions which forms part of the closed pomeron 
propagator Tl c (a's) of [21]. The only difference is that we get an extra trigonometric 
phase factor of the kinematic invariant. This of course can be attributed to the KLT 
relations which generically require such factors when gluing open string amplitudes 
to construct closed string ones [23]. The final result is rather long and not very 
illuminating, therefore we present only the leading behavior 

V? u % = -tr(ei • e 2 ) e ~^^ x U c (a' Pl ■ p 2 ) (-Q ■ dX Q ■ dX) 1 -^ 2 .(3.52) 
Finally the pomeron corresponding to the tadpole diagram is 

V? usy ~ fa e~^e 2 ^ x r (-1 + ^p.D-p^j HQ • dX)'^ 

(d^ d (-iQ ■ 8X) - rl>»(D ■ (-1 + j P ■ D ■ p^j + . . . ^ , (3.53) 

where 2Q = p — D ■ p = 2N ■ p. 

The results above for the superstring have tachyonic poles, just like the bosonic 
ones, as commented in [18], which should be cancelled by the OPE with vertices in the 
rest of the amplitude. These poles would not have been present had we computed 
the pomeron operators in the picture. Notice that the tadpole operators above 
have a prefactor typical of an open string pomeron as expected. Remember though 
that they correspond to the OPE of a closed string operator with itself due to the 
non-trivial boundary conditions. 

4. BCFW shifts in the presence of defects 
4.1 A short review of BCFW 

The key point of BCFW [5] is that tree level amplitudes constructed using Feynman 
rules are rational functions of external momenta. Analytic continuation of these 
momenta on the complex domain turns the amplitudes into meromorphic functions 
which can be constructed solely by their residues. Since the latter are products 
of lower point on-shell amplitudes the final outcome is a set of powerful recursive 
relations. 

The simplest complex deformation involves only two external particles whose 
momenta are shifted as 

Pi(z)=p 1 + qz, P2(z)=P2-qz. (4.1) 
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Here zGC and to keep the on-shell condition we need q ■ p\ = q ■ p 2 = and q 2 = 0. 
In Minkowski spacetime this is only possible for complex q. In particular, if the 
dimensionality of spacetime is d > 4, we can choose a reference frame where the two 
external momenta pi and P2 are back to back with equal energy scaled to 1 [14] 

pi = (1, 1, 0, 0, . . . , 0), p 2 = (1, -1, 0, 0, . . . , 0), q= (0, 0, 1, i, 0, . . . , 0) . (4.2) 

For gauge bosons the polarizations under a suitable gauge can be chosen as 

ei = 4 = q, e+ = e 2 =q*, e T = (0, 0, 0, 0, . . . , 0, 1, 0, . . . , 0) . (4.3) 

Under the deformation (4.1) the polarizations become 

£i( z ) = 4( z ) = Q, 4( z ) = <?* + Z P2, e 2 (z) = q* - zp u e T (z) = e T (4.4) 

so that they are orthogonal to the shifted momenta. 

A general amplitude, which after the deformation becomes a meromorphic func- 
tion An(z), will have simple poles for those values of z where the propagators of 
intermediate states go on shell (on the complex plane) 

(4.5) 



Pj{zf Pj(0) 2 - 2zq ■ Pj • 
The undeformed amplitude can be computed using Cauchy's theorem: 

An(0) = j> -An( z ) d z = _ | Res 2=finit e + Res 2=oc | . 



(4.6) 



As already stated the residues at finite locations on the complex plane are neces- 
sarily, due to unitarity, products of lower point tree level amplitudes alas computed 
at complex on-shell momenta. The residue at infinity can have a similar interpreta- 
tion is some special cases [12, 13] but in general cannot be written as product of lower 
point amplitudes. In most cases involving gauge bosons and/or gravitons there is an 
appropriate choice of the deformed external polarizations such that under a shift of 
the type (4.1), A n (z) vanishes in the limit z — > oo. In these cases the BCFW relation 
takes the simple form 



A (I 2 3 ) — 2, • • • , y • • , fc, P r )A n -k+i(Pr, k + 1, . . . , j, . . . , n) 

(4.7) 

where hat is used for the variables which are computed at the residue of the corre- 
sponding pole (4.5) and satisfy the physical state condition. Since we have made a 
complex deformation these are complex momenta unlike the momenta of the rest of 
the external particles. The summation is over all particle states in the spectrum of 
the given spectrum and their polarization states. 
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As was shown in [18, 19], tree level string amplitudes for appropriate regimes of 
the Mandelstam variables can be made to vanish when z — > oo. Therefore one expects 
that these amplitudes satisfy also recursive relations similar to the field theoretic ones 
(4.7). After this very short review of BCFW we will proceed by considering BCFW 
shifts in the existence of spacetime defects. The discussion that follows is general 
and does not confine solely to strings. It could also possibly be useful for cases of 
macroscopic defects like p-branes or those appearing in brane-world models. 

4.2 BCFW shifts in the presence of defects 

In the presence of a defect (brane) the fact that momentum is not conserved in the 
directions normal to the brane 12 implies that there are several novelties when con- 
sidering BCFW shifts. Let us consider the scattering of a number m of bulk states 
carrying momenta pj, J — 1, . . . , m off a brane. In string theory, for instance, this is 
the case where a number of closed string states are scattered on a D-brane. The gen- 
eralization where both bulk and brane states (closed and open strings respectively in 
the D-brane case) are scattered is straightforward. We define the kinematic variables 

Sij = 2pi ■ V ■ pj , t i:j = -2pi ■ pj (4.8) 

which can be used to parametrize a general scattering process involving branes. 
Recall that V is the matrix that projects momenta along the world-volume directions 
of the brane. Due to momentum conservation along the brane, which reads 

m 

J2V- PJ = 0, (4.9) 
i=i 

the aforementioned invariants are not all independent. Moreover, if the momentum 
of a particle, say pk, is along the brane obviously = —s^. As in standard BCFW 
there is a plethora of multi-particle shifts [6] but we will be interested only in the 
cases where either one or two momenta are shifted. 

One momentum shift. The ability to shift only one momentum without world- 
volume violating momentum conservation is a novel feature allowed by the defect. 
For instance, we can shift the momentum of particle 1 as 

p 1 {z)=p 1 + zq (4.10) 

with the on-shell condition and momentum conservation dictating 

Pl .q = 0, q 2 = 0, V-q = 0. (4.11) 

Notice that this implies that q is complex. These shifts do not alter the kinematic 

invariants and tu and yield a linear z dependence in tu,i = 2, . . . ,m. This is 

actually the minimal scenario where total (i.e. bulk) momentum is not conserved. 

We will call general such shifts momentum non-conserving. 

12 We mean hard (i.e. shifted) momentum conservation. Soft momenta can be non-conserved 
without affecting the analysis. 
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Two momenta shift. Going over to the case where two momenta are affected, we 
can consider a shift of the type (4.1) but with different deformation vectors (71,(72 



M z ) =Pi + qiz , 



p 2 (z) = p 2 + q 2 z ■ 



(4.12) 



In this case we need to impose the constraints 



Pi ■ qi = P2 ■ Q2 = , 



q\ = q 2 2 =0 



(4.13) 



as well as 



V ■ qi + V ■ q 2 = 0. 



(4.14) 



If q± + q 2 7^ we have an instance of momentum non-conserving shifts. Since the min- 
imal such scenario is accommodated by a single shift, we will simplify the situation 
and restrict the two particle shifts to the momentum conserving case qi = —q 2 = q. 
Notice that this is the minimal scenario for momentum conserving shifts 13 and it 
leaves unchanged the kinematic variables tij,i,j = 1,2. The variables Sik,Uk with 
i — 1,2 and k — 3, . . . , m are shifted linearly in z. 

We still have the choice of imposing either V ■ q = or N • q = 0. If we 
do impose either one of these conditions then the variables Sij,i,j = 1,2 remain 
unshifted. We will call such shifts standard shifts since they resemble the usual field- 
theoretic BCFW shifts. Otherwise the Sjj for i,j = 1,2 are shifted quadratically in 
z, which is not desirable if we wish the BCFW deformed amplitude to have simple 
poles. Higher order poles lead to residues which are non-rational functions of the 
kinematic variables i.e. have branch-cuts. Since this is not expected for tree level 
amplitudes they should cancel among the various residues. However, this can make 
the BCFW procedure rather cumbersome to implement. To avoid this complication 
we can impose (V ■ q) 2 = (or, equivalently, (N ■ q) 2 = 0) so that the j = 1,2 
invariants are shifted only linearly in z. Such shifts we will call s-shifts. 

Although in the previous discussion we considered scattering only of bulk fields 
(closed strings), we can obviously make similar two particle shifts for world- volume 
fields (open strings). For the latter we have the additional constraint that momenta 
are restricted on the brane and the polarizations can be either parallel or transverse to 
the brane. Furthermore, we can envisage more general shifts involving the momenta 
of one bulk and one world-volume field but we will not delve into this. 

In the presence of a p— brane the spacetime Lorentz symmetry group SO(l, d — 1) 
is broken to SO(l,d— 1) — > SO{\,p— 1) x SO(d — p— 1). We can use the surviving 

13 In terms of our pomeron analysis the minimal shifts, momentum conserving or not, correspond 
to just two operators approaching each other which, in the symmetric picture of [21], means that 
the scattering states split into two sets, one with only two operators and another one with the rest. 
For closed strings on the sphere this holds independently for the holomorphic and anti-holomorphic 
sector, while on the disc the holomorphic and anti-holomorphic pieces are to be considered as two 
distinct operators on the disc. 
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symmetry to bring the two particles to be deformed to the following frame 



Pi = (1, Ai, 0, . . . ; Ap+i, . . . , A d _i) , p 2 = (1, Hi, 0, . . . ; fi p+1 , (4.15) 

which in the massless case satisfy — 1 + JA Af = — 1 + JA — 0- We have separated 
tangent and normal directions by a semicolon. The deformation vector q takes the 
general form 

q = (n ,ni, . . . ,n p ;x p+1 , . . . ,x d ^). (4.16) 

We see that the shift vector can have components along the world- volume momenta 
unlike the usual BCFW where a Lorentz transformation can bring them in the form 
(4.2). This is not possible here due to the presence of the defect which breaks the 
bulk Lorentz symmetry. Now we discuss in more detail the various possibilities. 

4.2.1 One particle shift 

In this case we need to find a solution of the conditions (4.11). For a particle with 
momentum pi as in (4.15) we can make a shift, assuming without loss of generality 
that x p+3 — ■ • ■ — Xd — 0, 

/ n n • Ap+2^+3 . Ap + iXp + 3 

q = (0, 0, . . . ; i = , -i ==, Xp+3, 0, . . . ) . (4.17) 

For the polarization vectors 

ti=q, et = q* + zD- Pl (4.18) 
the transversality constraint p\ • e\ = demands 

q-q* = 2xl+ 3 = -2 Pl .V. Pl . (4.19) 

4.2.2 Two particle shifts 

As we discussed we distinguish two types of shifts where the momenta of two particles 
are deformed. 

Standard shift. This shift is identical to the shift in (4.1) and changes only 
Sjfc, tik for i — 1,2 and k = 3, . . . , m. We can choose either x p+ i — ■ ■ ■ — x^ — 
or no = n\ = ■ ■ ■ = n p = 0. In the first case to satisfy the additional constraints 
Pi ' Q = P2 ■ Q = and q 2 = we can select no = ri\ = = ■ ■ ■ = n p = and n 2 = in^. 
We can find similar solutions, albeit more complicated, in the second case provided 
that d — p > 3. 

S-shift. In this case, in addition to q ■ p\ = q ■ p 2 = and q 2 = we need to 
impose 

(V-q) 2 = 0, with pi-V -q^0 ,i = 1,2 (4.20) 
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so that we obtain linear z dependence in Sij,i,j — 1,2. A solution of the above 
conditions is 

q = (no, n u n 2 , 0, . . . ; x p+1 , ix p+1 , 0, . . . ) (4.21) 

with 

r~ " ni(/ii(A p+ i + i\ p+2 ) - Ai(/i p+ i + ifJ.p+2)) n - niAi 

™0 = + n 2 = 7T r~7T x , X P+1 = T — 7 • 

v l A p+l — /VflJ + H A P+2 — ^+2^ -Ap+1 + iA p+2 

(4.22) 

Transversality p 1 ■ = of the deformed particle's polarization (4.4) implies 

q.q* = -\n \ 2 + |ni| 2 + \n 2 \ 2 = -pi ■ p 2 = ^ ( 4 - 23 ) 

which allows us to determine n 2 (for example) and leaves only one undetermined 
parameter. 

For the 1 — > 1 scattering process of bulk fields off the brane the above setup 
cannot be used. This is because we cannot bring the two external particles back to 
back with equal energy as before. In bulk scattering of course such an amplitude 
would be just the propagator and has no meaning to make a BCFW shift. But in 
the presence of branes we can indeed have such processes. In this case we can use 
the symmetries of tangent and normal directions to bring the two momenta in the 
form 



Pi = (1, Ai, 0, . . . ; A p+ i, • • • , A d _i) , p 2 = (-1, -Ai, 0, . . . ; /i p+1 , ■■■ , /i d _i) . (4.24) 

The two vectors satisfy momentum conservation along the brane but have arbitrary 
normal components. 

It turns out, see also subsection 5.3, that for the level one states 1 — > 1 scatter- 
ing, the s-shift, which shifts linearly the kinematic invariants, does not change the 
amplitude for all possible polarization setups. So, in this setup it is more convenient 
to relax the first condition in (4.20). This means that we will have second order 
poles when we use the BCFW procedure. Nevertheless, as we mentioned before, the 
branch-cuts in the residues will cancel leaving a rational function of the external 
momenta. 

A solution of the conditions for this case is 



q = (n , rii, 0, ... ; x p+1 ,x p+2 , 0, . . . ) 



(4.25) 



with 



2 2 2 _ 

n — n 1 = — a - a G 



n - niAi 



x 



p+i 



ia(X p+ ifj, p+ 2 — Ap+2/ip+i) 

y/(\p+l + ^p+l) 2 + (A p+2 + Hp+2) 2 ' 



2 



x p+2 = , (4.26) 

V (Ap+i + ^p+i) 2 + (A p+2 + ^ P+2 ) 2 

and the additional constraint from transversality 

q-q* = -\no\ 2 + \n 1 \ 2 + a 2 = -p 1 - P2 = t -f ■ (4.27) 

This last relation will be needed in the next section when we will compare the large 
z behavior of string amplitudes with the pomeron results. Note also that in this case 
q ■ D - pi = -q ■ D ■ p 2 . 

5. Pomerons and large z behavior of open and closed (super) 
string amplitudes 

In this section we will employ the pomeron operators of section 3 to deduce the large 
z behavior of several string amplitudes. Our analysis for closed strings is very much 
parallel to the open string case through the use of KLT relations [23]. Nevertheless, 
there are subtleties which appear and we comment upon them. For open strings 
the situation is identical to the cases studied in [18, 19] and we will only cite their 
results. We conclude this section with an explicit example where we compute the 
BCFW behavior of the superstring scattering amplitude on the disc of two level one 
closed string states [24, 25, 35, 36] for both the two particle and one particle shifts. 

5.1 Bosonic string amplitudes 

Open strings, two particle shifts. In this case the relevant pomeron operator 
is (3.43) and we shift the momenta so that k = k\ + k 2 = ki + k 2 and 2Q = k\ — k 2 = 
k\ — k 2 + 2qz. The leading z dependence is extracted when we replace Q — > qz, which 
implies that \q\ ^> \ki — k 2 \- Subleading terms should correspond to a' corrections 
as one can see in the supersymmetric pomeron computation of [19]. When we insert 
the pomeron operator, the string amplitude takes the form 



J^fJ-f — z -2a'k 1 -k 2 



cz{-rf v + 2olWk v ) + b(v»k u - v v k») + O Q 



(5.1) 



where v^,b,c are general functions depending only on the unshifted external momenta 
and polarizations. 
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Table 1: The leading power in z (modulo the overall factor ( fe i+ fe 2) 2 ^ f or adjacent 
shifts of the all gluon (or transverse scalar) amplitude in the bosonic string for all possible 
polarizations. The polarizations T and T' are orthogonal. 



To derive the large z behavior of the S-matrix elements we need to contract the 
expression above with the polarizations tensors (4.4) and utilize the Ward identities 

k^M^el = q^M^el = --k^M^el (5.2) 

as well as the transversality identities q-k = q*-k = 0. Actually it is the dependence of 
the antisymmetric part of (5.1) on k^ which results into different behavior compared 
to field theory expectations for some polarization configurations. The result appears 
in table 1 [19] for the behavior of bosonic string amplitudes under BCFW shifts of 
level one open string states. The polarizations T' are orthogonal to T and can be 
either along the brane (gauge bosons) or normal to the brane (transverse scalars). 

Closed strings, two particle shifts. The operator in (3.44) can be used to deter- 
mine the large z behavior of string amplitudes on the sphere as in [18, 19] but also, 
with similar reasoning, on the disc. On the disc, when the pomeron operator (3.44) is 
present, there are self-contractions as well as contractions with other operators of the 
string amplitude. One should make the substitutions (2.12) in order to compute the 
correlators. For any case the contractions of the pomeron with the other operators 
in the amplitude will lead to terms like a'Q ■ p k ~ z and a'Q ■ D • p k ~ z, where k 
runs over all the external particle momenta other than k = 1,2. Therefore a term in 
the pomeron proportional to Q x (DQ) y will lead to an amplitude dependence as z x+y . 
There are self-contractions as well which lead to terms such as a'Q ■ D ■ Q ~ z for 
all shifts except the one we consider for 1 — > 1 scattering. Hence, self-contractions in 
these amplitudes will lead to a ^-dependence of the form z u with u < x + y. Finally, 
for the 1 — > 1 case there are only self-contractions and the shift we consider leads to 
a'Q ■ D • Q ~ z 2 . Moreover, in this particular case Q ■ D • p = 0. 

Based on the above, the final behavior of the amplitude is that dictated by KLT 



cz 2 P^P^ + hz{P^A^ + A^P^) 

+ ( A wpi> + piiv^v + pm> B ^ + o(-\ (5.3) 
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Table 2: The leading power in z (modulo the overall factor Z ~^~( pi+P2 ^ ) for the large 
z limit of a an amplitude under a graviton s-shift in the bosonic string for all possible 
polarizations. 



where A^ v is an antisymmetric matrix as in (5.1). We can write down the form of the 
A^y as a sum of terms which originate from cross-contractions A\ or self-contractions 
A 2 of the pomeron vertex 

~ (// - «Y) , ~ ( ? V - gV) • (5-4) 

The matrix Aj" comes from self-contraction of QdX with <9X M . The term can 
be written as the sum of two terms depending on the operator contraction and has no 
symmetries. The term A^ v '^ v comes from the contractions of K^ V K^ U . It is obviously 
antisymmetric in the barred and unbarred indices. In this case the self-contractions 
give 

_ (Dw P v {D- P y +D vv P »{D- P y) - (D^ P v {D- P y+D u ^{D- P y)+. . . (5.5) 

which obviously has the same symmetries as implied by KLT 14 . 

Closed strings, one particle shift. This case is the single graviton shift and the 
relevant pomeron operator is (3.48). The large z behavior is given by the expression 



cz( - + 2a\V ■ p)^V ■ P )v) +A^ + (^j 



(5.6) 



where A^ v ~ v ^{V- P y — {V- P y{D-v ) u is a generic matrix 15 whose explicit dependence 
on y • / plays some role in the behavior of amplitudes with e T polarizations. 



14 We notice that self-contractions of pomeron operators can lead to terms which contain the 
matrix , therefore breaking the product of the two independent left and right Lorentz spin 
symmetries to a diagonal subgroup SO(l,p) x SO(l,p) x SO(d—p— 1) x SO(d—p— 1). Nevertheless 
these terms affect only the subleading in z expression of the amplitude which, in any case, has the 
aforementioned symmetries broken. Moreover these terms have the same symmetries in (ji, p,) and 
(v, D) as in the case of supergravity in [14] where no D-branes are present. 

15 Nevertheless by pulling a matrix out of M F we can make it antisymmetric. 
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Table 3: The leading power in z (modulo the overall factor z~^ p ' p ) for the large z limit 
of a an amplitude under a graviton one-particle shift in the bosonic string for all possible 
polarizations. 



At this point we need to be careful with the polarization assignment since the 
D-brane inverts the helicity of the right-moving part of the operator. From the gluing 
of open string operators we expect for the q-light cone polarizations 

(eD) ++ = (q* + zD ■ p)(q* - zp) , 
(eD)~ + = q(q* - zp) , 
(eD) + ~ = (q* + zD-p)q, 

(ZD)- = qq . (5.7) 

which implies 

e++ = (q* + zD ■ p)(q* + zD ■ p) , 
e~ + = q(q* + zD ■ p) , 
e + ~ = (q* + zD ■ p)q , 

e = qq (5.8) 

where we have used the fact that the one-particle shift is exclusively in the normal 
directions (see (4.17)) and therefore Dq = —q. The expression above agrees with 
the transversality condition (4.19). Using Ward identities for gravitons analogous to 
(5.2) we can deduce the large z behavior of table 3. 

5.2 Superstring amplitudes 

Open strings, two particle shifts. To determine the large z behavior in this 
case we use the pomeron vertex operator of (3.49). It is straightforward to derive 



rT ( cz + c' + O ( -X) + A» v + — 



(5.9) 



where A^ u a generic antisymmetric matrix and a general matrix 16 . Notice that 

16 Notice that our symmetric OPE expansion does not yield in the pomeron vertex (3.49) the term 
with X or that with <j), as compared to (3.5) and (3.6) of [18]. However, we still get a contribution 
of order 1 multiplying , denoted by c' in the previous formula, from n^(Q ■ dX) of (3.49) since 
Q = ki — k 2 + 2qz. Therefore, we arrive at the same result as that obtained with the pomeron 
vertex of [18] which was computed with a non-symmetric OPE. 
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Table 4: The leading power in z (modulo the overall factor z~ a ( fel+fc2 ) 2 ) for the large z 
limit of the adjacent shift of an all gluon (transverse scalar) amplitude in the superstring 
for all possible polarizations. 



it has similar structure to the bosonic case but it differs in two crucial points: a) 
the leading term is solely proportional to jf" and b) the subleading antisymmetric 
matrix is generic and not of the special /c-dependent form as in equation (5.1). These 
crucial differences are responsible for the different behavior for some polarization 
shifts compared to the bosonic case. In table 4 we present the large z behavior for 
this case. 

Closed strings, two particle shifts. For this case we use the pomeron operator 
(3.52). After contractions with the remaining operators in the path integral or self- 
contractions in the 1 — > 1 case we arrive at the expected result (that is the product 
M grav ~ M gauge x M gauge , where M gauge is given in (5.9)) 



M.w> vv ~ z~ a Pl ' P2 



rf v rf v z 2 (^c + o(^j+ bz(rf v A^ 



+ A^rf*) + (A^ p + rf u B~^ + •ff > B tw ) + + . . . 



(5.10) 



with the matrices A^ v ~ {vH v — v u l^) being generic antisymmetric matrices. This 
is in contrast to the bosonic case where they depend on the pomeron momentum k. 
Moreover cross- or self-contractions do not change the expected symmetries, from 
KLT relations, of these matrices. They have the general structure 



A^ v '^ v is antisymmetric in both (//, v) and (/2, v) while C fiu ' ,flu is a sum of antisymmet- 
ric terms in each set. Notice also that as we mentioned in the bosonic case the barred 
matrices are actually given in terms of unbarred matrices i.e & v = D^D^F a(3 . In 
any case the general symmetry properties remain the same and an analysis along the 
lines of [14] leads to table 5. 
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Table 5: The leading power in z (modulo the overall factor z ~~(' Pl+P2 ^ ) for the large z 
limit of a an amplitude under a graviton s-shift in the superstring for all possible polariza- 
tions. 
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Table 6: The leading power in z (modulo the overall factor z 'a for the large z limit 
of a an amplitude under a graviton t-shift in the superstring for all possible polarizations. 



Closed strings, one particle shift. We insert (3.53) and after we rename indices 
to make manifest the left-right spin Lorenz symmetry, the leading z behavior of the 
amplitude is 



D^(cz + 0(l))+A^ + o(^j 



(5.11) 



where A^ u is an antisymmetric matrix in contrast to the similar matrix in the bosonic 
which has an explicit dependence on the momenta. The large z behavior of ampli- 
tudes under this shift is given in table 6. 

5.3 An example: graviton scattering off a D-brane 

In this subsection we will work explicitly on the two graviton superstring scattering 
off a D-brane to verify the behavior advocated in the previous sections under the 
BCFW shifts. We begin by writing down the amplitude [24, 25, 35, 36] 

Apupi) ~ -.y r( \_ 4 J t ;^ (*i + 2 V (5 ' 12) 

where t = — (pi + P2) 2 = — 2pi • P2 is the momentum transfer to the p-brane and 
s — pi • D • pi — 2pi • V • pi is the momentum flowing parallel to the world- volume of 
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the brane. The kinematic factors above are: 



ai = tr(ei • D) p x ■ e 2 • pi - pi • e 2 • D ■ e x • p 2 - Pi • e 2 • ef • D ■ p 1 

-Pi ■ 4 ■ ei • D ■p 1 -p 1 ■ e 2 • e\ -p 2 + | tr ( e i • 4) + I 1 < — > 2 } > ( 5 - 13 ) 

a 2 = tr(ei ■ D) (pi ■ e 2 ■ D ■ p 2 + p 2 ■ D ■ e 2 ■ pi + p 2 ■ D ■ e 2 ■ D ■ p 2 ) 

rn S 

+pi ■ D ■ ei ■ D ■ e 2 ■ D ■ p 2 - p 2 ■ D ■ e 2 ■ e 1 ■ D ■ p x + - tr(e x • D • e 2 • D) 

_^tr(e 1 .e^)-tr(e 1 . J D)tr(e 2 . J D) (| - + {l <_> 2} . (5.14) 

Our notation is such that, for example, p\ • e 2 • e\ • D ■ p\ — pi e 2iiV e\ Xv D\pp p x . 
5.3.1 Two particle shift: s-shift 

The standard BCFW shift is not applicable here since we have only two scattered 
states. We have to study therefore the s-shift under which we have 

s = s + A(p 1 -V ■ q)z + 2(q-V ■ q)z 2 , i = t. (5.15) 

The gamma function prefactors have an expansion for large a = 2 ^.y V q 9 and z 
z\/2q ■ V ■ q as 

r(-^)r(f«) 



r 1 -%-t \ z^~ 2 



(5.16) 



Here we need to make a point. The shift is quadratic in z so we might wonder 
whether we will have branch cuts in the complex momentum plane when we try to 
derive BCFW relations. Certainly for tree level amplitudes this would be bizarre. 
The gamma functions has two poles from the two solutions of yS = —n, n G N. 
The poles are given generically by an expression which contains square roots of the 
kinematic variables and the two solutions differ by the branch of the square root. At 
least at the level of the gamma functions the only other part, except the denominator, 
depends on z is T (l — + |s) — >■ T (l — — n), that is independent of the 
residue position z itself. Therefore the final result would be the sum of the two 
solutions which differ by the branch of the square root and should produce a rational 
function of the external momenta [37]. Definitely this point needs further clarification 
but in lack of the BCFW recursion relations themselves further understanding is 
difficult. 

We will study now some of the possible polarization assignments. 

• e" = qq and = qq. It is easy to see that a\ in (5.12) vanishes and only a 2 
contributes. Calling K^' ,vv the kinematic factor of the amplitude, we have 

K—> ++ ~{q-D-q) 2 j (5.17) 
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where we have used the relation q ■ D ■ p 1 = —q ■ D ■ p 2 . Upon combining with 
(5.16) we indeed get 

M ;++ ~ z- a ' pvP2 - 2 ((q ■ D ■ qfj + . . . ) (5.18) 

as expected from table 5. 

• e" = qq and e 2 ~ = (q* — zpi)(q* — zp\). In this case we use q*q = —p\ -p 2 and 

q-D-q = q*-D-q*, q* ■ D ■ q = qq* - q ■ D ■ q, q* ■ D -p = -q ■ D -p . (5.19) 
After some algebra we get 

t 2 

K—'— ~ -(q- D ■ q- s) 2 + ... . (5.20) 
Combined with (5.16) it gives the expected behavior for the amplitude M ; ~ 

• = (q* + zp 2 )(q* + zp 2 ) and e 2 + = qq. This is similar to the previous case 
and leads to the same result. 

• = (g* + zp 2 )(q* + zp 2 ) and e 2 ~ = (q* — zp\)(q* — zp\). After some straight- 
forward calculations we find 

K ++ '— ~ z 8 (q-D-q) 2t - A (5.21) 

which agrees with expectations. The remaining cases can be verified in a similar 
manner as well. 

5.3.2 Single particle shift 

In this case the shift of the momentum p\ results in 

s = s, i = t-2(q-p 2 )z = t- z (5.22) 
where z = 2q ■ p 2 z. The prefactor expansion is 



a' 



r(-ff)r(g 3 ) 
r(i - %i+ f s) ' V2 



r — s\ z~ 



w i + )(-t) + o ? 



(5.23) 

We also need to choose a gauge for e 2 v . A convenient choice is to choose a reference 
momentum vector q and impose the conditions 

qA" = • (5-24) 
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• e 1 = qq. The result is given by 

K— ~ s tr{e 2 ■ D){q ■ p 2 ) 2 (5.25) 

which leads to the expected £~^ s_1 behavior according to table 6. 

• = q(q* + D ■ pi). After some relatively lengthy calculation we get 

K~ + ~ s 4s(pi • e 2 • pi) - 4(p 2 • q)q* ■ e 2 • D ■ p 2 + 2t(p 2 ■ D + p x ) ■ e 2 ■ D ■ p 2 + 
+tr(e 2 • L>) (4(g • p 2 ){q* ■ p 2 ) + t(-2s + £)) + ...] (5.26) 

which gives again iTiH -1 as required. 

• e ++ = (q* + D ■ Pl )(q* + D ■ Pl ). We find 

K ++ ~ z 3 str(e 2 -D)(q-p 2 ) 2 (5.27) 

again in agreement. The remaining polarization choices require a bit more work 
but are in agreement with the pomeron analysis expectations. 

6. Field theory versus pomeron in the eikonal Regge regime 
6.1 General remarks 

In this section we will try to identify a field theory which leads to amplitudes with 
the same large z behavior under BCFW deformations as the pomeron analysis in a 
special kinematic regime. We distinguish our fields in a "soft" classical background, 
which describes the unshifted particles, and a "hard" one corresponding to the BCFW 
shifted particles that carry large momentum parametrized by z. In the limit z — > oo 
we can consider the scattering amplitude as a process where the hard particle is 
shooting through the soft background. The large z behavior of this amplitude can 
be determined by analyzing the quadratic fluctuations around the soft background 
in an appropriate two derivative Lagrangian. 

Let us consider the scattering of a number of open and closed strings with mo- 
menta kj and pj respectively. We now assume that y/a'kj, y/a'pj ~ 0{e) with 
e << 1 for all I, J, while y/a'q ~ 0(e~~ l ) so that q ■ kj and q ■ pj is of order 1. Sub- 
sequently, we take z to be large. Then a'su 1 while a'sjj ~ z and the pomeron 
approximation is valid. We will refer to this particular limit of parameter space as the 
eikonal Regge (ER) regime [18]. Notice that this regime is clearly distinct from the 
field theory one which corresponds to a' — > and for which all kinematic variables 
are small compared to the string scale. 
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An obvious candidate field theory is an appropriate truncated version of the 
DB1 supplemented by the supergravity effective action 17 . In appendix C we give a 
detailed description of this action. We stress the truncated version of the DBI action 
because, as pointed out in [14], higher dimension operators such as the multipole 
type couplings present in the DBI action spoil the good behavior of SYM amplitudes 
under BCFW deformations. We need to think therefore of a two derivative action 
which will be the appropriate truncation of the DBI action. 

Another important point is that when we consider tree level field theory diagrams 
constructed by D-brane and bulk fields, not all of them correspond to tree level 
processes in the string theory side. This is exactly what happens if we consider, 
for instance, the exchange of a graviton between two branes. It corresponds to an 
annulus amplitude in string theory and therefore, due to world-sheet duality, to 
an 1-loop open string amplitude. There is no clear separation of tree and loop level 
processes in string theory as seen from the field theory side. The only diagrams where 
bulk fields can be used as intermediate states are those between a brane vertex and 
a bulk one. Hence, we will need to restore Newton's constant in the supergravity 
and brane actions in order to keep track of such diagrams. 

We also point out that in the following analysis the soft background fields depend 
on the coupling constants. These fields are solutions of the corresponding equations 
of motion that non-linearly complete the sum over the plane waves describing the soft 
external particles [14]. For example, a background such as the metric can be written 
as 9 [iv = Vnu + Hnv(Pi,£i, kn)- Therefore, a soft background field might actually 
vanish if we take some coupling constants to zero. 

6.2 Field theory analysis of open string BCFW deformation and single 
bulk field shift 

As we explained earlier, the goal is to identify a two derivative action which describes 
hard particles moving through a soft background and leads to the same large z 
amplitude behavior as the pomeron analysis in the ER regime. We will assume 
that in the field theory setup one needs to retain only the DBI terms quadratic in 
the hard fields. This analysis is presented in appendix C. The soft background has 
an arbitrary number of soft fields which describe the unshifted particles of a given 
amplitude. So we use as starting point the Lagrangian (C.13) or its equivalent form 
for gauge fields which we have not written down. 

Non-dynamical metric: pure brane field amplitudes. Let us consider first 
the case of a non-dynamic metric which corresponds to amplitudes with only world- 
volume fields. The action in (C.13) takes a very simple form with the induced metric 

17 Notice that we ignore all the higher derivative corrections to the DBI action since they would 
definitely spoil BCFW constructibility. 
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given by 



9a/3 = Va/3 + d a X*dpXi. 



(6.1) 



We see that the leading coupling in (C.13) is at least quartic in the fields having 
the two hard fields A* and at least two soft ones x l . Since we have already fixed the 
gauge we cannot impose in addition the g-light cone gauge and therefore we have a 
vertex at least quadratic in the soft fields which goes as 0(z 2 ). On the contrary, the 
pomeron analysis in (5.9) in the ER regime gives a maximum z dependence O(z). 

The problem above persists in the non-abelian case too. It is known [11, 19] that 
the pomeron analysis for non-adjacent shifts in color ordered amplitudes produces 
subleading large z behavior compared to the adjacent case we considered in this 
paper. So, the upper limit of the pomeron analysis is still the 0(z) behavior of (5.9) 
in the ER regime. On the other hand, the DBI analysis for the non-abelian theory 
will result in an 0(z 2 ) behavior since this is due to the kinetic term common to 
both abelian and non-abelian actions. In any case, the DBI theory includes higher 
dimension brane-field operators that lead to increasingly divergent vertices for hard 
fields therefore spoiling BCFW constructibility [11]. Obviously this behavior is not 
compatible with the pomeron analysis. 

Dynamical metric: mixed brane and bulk field amplitudes. Consider now 
the case where the metric is dynamic. In the previous paragraph we concluded that 
brane field operators with dimension higher than quartic are problematic due to 
the induced metric expansion in the action. One might wonder what will happen 
if we consider amplitudes which involve the two hard scalars/gauge bosons and n 
soft gravitons. This case could work since we need only the bulk metric without 
additional soft brane fields. 

The analysis proceeds as in the photon-graviton case of [14]. If we can choose 
the g-light cone gauge the vertices of order 0(z 2 ) can be eliminated using the gauge 
symmetry of the bulk graviton background. Otherwise there is a unique set of dia- 
grams where the two hard scalars are connected via a single cubic vertex to the soft 
graviton background field. The latter is subsequently connected to the soft gravitons 
through bulk interactions. In this case we obtain an 0(z 2 ) dependence which again 
disagrees with the pomeron result (5.9) in the ER regime. 

To track the origin of this discrepancy we can push this analysis a bit further. 
Consider the amplitude of two scalars carrying momenta k±, ki and one graviton with 
momentum p. This is given by the expression [42] 



where we have provided only the relevant piece of the corresponding kinematic factor 
for our discussion. As in the tachyon discussion in subsection 3.1.3 there is no Regge 



F(-a't) 



t ( -4a'(ei • e 2 ) {k^k") + ^-(e 1 - p)(e 2 • P )tr{eD) + . . . J , (6.2) 
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behavior for this amplitude 18 . Nevertheless, if we use the BCFW standard shift of 
subsection 4.2 for open strings in the ER limit, from the first term of the amplitude 
above we get an 0(z 2 ) behavior in agreement with the aforementioned cubic vertex 
of DBI. We see that the two scalar/one graviton vertex, which would lead to the 
unique set of diagrams we mentioned above, cannot be computed using the pomeron 
method. This leads in essence to the discrepancy between field theory and pomeron 
analysis. 

Moreover if we use the momentum non-conserving deformation of a single gravi- 
ton of subsection 4.2, we obtain from the second term in (6.2) an 0(z 2 ) behavior. 
This pattern for the single particle shifts can be easily generalized to higher point 
functions. The amplitude of three scalars and one graviton computed in [26], like 
the tachyon amplitude in (3.19), has no Regge behavior under the single particle 
shift. Nevertheless, terms such as (e ■p)Hr(eD) in the kinematic factor lead to 0(z 3 ) 
behavior under these BCFW shifts, suggesting we keep terms with more than two 
derivatives, schematically of the form x 3 d 3 h, from Taylor expanding the metric in 
the DBI action as in (C.18). Proceeding further, the one graviton with n scalars am- 
plitude will have a 0(z n ) behavior under the one particle shift making the divergence 
at complex infinity worse for higher point amplitudes. Therefore, there are shifts of 
string amplitudes which do not vanish at complex infinity even away from the ER 
regime, and therefore spoil constructibility under these BCFW deformations. 

The final conclusion of this subsection is that the ER regime conjecture is not 
valid for mixed open-closed string amplitudes without making further assumptions. 
It might be however that an extra refinement of the ER limit can lead to agreement 
between a proper truncation of the DBI theory and the pomeron analysis. For 
instance, the obvious way to achieve agreement is by considering the limit that 
eliminates all higher dimension operators on the D-branes as well as their coupling 
to supergravity modes. As we can easily see from (C.9), for Dp-branes with p < 3 
we can take the limit a' — > and g s — > in order to keep go P fixed but k,n 0. 
This is actually the usual decoupling limit in AdS/CFT correspondence [43] where 
the system is reduced to two independent subsystems: a) an abelian gauge theory 
along with some free scalars on the D-brane and b) the bulk gravity theory. 

Notice that in this decoupling limit we need to consider the non-abelian theory on 
a stack of D-branes in order to end up with an interacting theory. For gauge bosons 
the analysis is identical to that of [14] since the DBI action yields the Yang-Mills 
Lagrangian to quadratic level. The subleading antisymmetric terms in [14] come 
from the commutators in the gauge field strength. This agrees with the subleading 
piece of the pomeron computation (5.9). For the case of transverse scalars similar 
antisymmetric terms come from the commutators of the non-abelian DBI as in [38] . 

18 For the tachyon amplitude there is no kinematic factor but only a gamma function prefactor 
which is not shifted under this BCFW deformation and therefore the amplitude does not have any 
z dependence. 



- 39 - 



The Lagrangian can be written schematically 

L — tr [F aP F^ + (D a X*) 2 + [X\ Xi} 2 ) , (6.3) 

where D a X l = d a X l + L4 a ,X 1 ]. Based on the remarks above the analysis is very 
similar to the pure YM case which has appeared in the literature and we will not 
repeat it here. It leads to table 4 in agreement with the pomeron results. 

6.3 Field theory analysis of closed string BCFW deformations. 

It is will be also instructive to try to understand the problem at hand from the point 
of view of bulk shifts like those in subsection 3.1.3. As in [14] we define vielbeins 
e, e, with their associated connections ou, Co and we write 

h = e a e h h - V h = e a e d D h - (6 A) 



D K h a - a = djl a a + u\ a K~a + ^Kb' ( 6 - 5 ) 



with 

The action becomes 

S = J d d x^g (crghj + \g^ V ab f l D,h a ~ a D u h hl - l -h a - a h hi R ab ' a ^ + 

/ } 2 2 / dP+1(J (^NhapTp^j + KjfhafihysZoBi 6 ) , (6.6) 

\ a ) 9dp J v J 

where G a % is the Einstein tensor corresponding to the equations of motion of the 
background. In the notation above we are trying to make evident the two distinct 
Lorentz spin symmetries acting on the left and right index of h^ u . For the pull-back 
tensors we use the pull-back vielbeins e° = d a x^e a . It should be clear from our 
earlier discussion that the supergravity action, while it naively looks independent of 
kn, it does have an implicit dependence through the graviton background fields. 

For the momentum conserving two particle shifts the field theory analysis re- 
quires tadpole cancellation. The term linear in h ab is a tadpole due to the presence 
of the boundary state meaning that the DBI action sources the Einstein equations 

G% = T p S d ^ 1 (j-xj i )ig BI . (6.7) 

We assume that the deformation vector is along the + direction and we choose 
the light cone gauge 

^b = ^b = 9 ++ = 9 +K = and g + ~ = 1, (6.8) 

so that there are no 0(z 2 ) vertices. 

For the moment let us ignore the quadratic graviton contribution of the DBI 
action. Then the analysis proceeds exactly as in [14]. The order 0(z) vertices pre- 
serve both the spin Lorentz symmetries - except for the unique set of bulk diagrams 
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(not to be confused with the unique brane diagrams which play role for the DBI 
couplings) that give contributions up to 0(z 2 ). These 0(z 2 ) terms come from the 
two derivative part of the Lagrangian, do not break either of the left or right spin 
"Lorentz" invariance, and thus are proportional to r] ab fj ab . The order O(z) terms that 
violate the symmetry and come from a derivative on h and a single w or u insertion 
have the form r] ab A ab + A ah ff h where A and A are antisymmetric. The 0(1) parts 
of the amplitude will receive contributions from both the bulk and the DBI action. 
Most of the pieces and their origin is the same as in [14] and we will refer the reader 
to this paper for further details. 

The bulk Riemann tensor term of the action is sourced by the stress energy 
tensor (6.7) of the DBI action. The Einstein equations give a backreacted metric 
and a corresponding Riemann tensor. This will not affect the large z behavior of 
the amplitudes since they depend on the symmetries of the Riemann tensor rather 
than its actual form. Nevertheless the D aa dependence of the matrix elements of 
M aabb in the pomeron analysis (5.10) has its origin on the brane contribution to 
the background metric. The brane with all its fields is part of the soft background 
through which the hard gravitons propagate 19 . Thus we find 

M a~abb = cz ^ r] ab~ab + z ^ab^db + A ab~ab^ +A abSb +r] ab j^ab + B ab~~ab ^(jabdb + . . . 

where A ab is an antisymmetric matrix, B ah is an arbitrary matrix, and A abab is an- 
tisymmetric in (ab) and (ab). This agrees with the pomeron result (5.10). From 
the point of view of field theory it is quite remarkable that this symmetry struc- 
ture is precisely what we get by squaring the Yang-Mills result (5.9). Instead, this 
phenomenon is perfectly understood in string theory in light of the KLT relations 
[23]. 

Finally, notice that if we do not ignore the quadratic graviton contribution of the 
DBI action we face an obvious problem. The tensor Z^fjp/ has no symmetry in its 
world-volume indices. This term gives a contribution to the 0(1) terms of (6.9) but 
it does not have the same symmetries as any of them and so it will spoil agreement 
with the pomeron result (5.10). Therefore, we need to consider the decoupling limit 
once more. For p < 3 this limit requires g s — > as well, while for p = 3 we can 
keep g s fixed while sending kn — > and keeping gc> 3 fixed. Then one notices that 
the tadpole term in (C.12) survives and the quadratic one vanishes in accord with 
(5.10). 



19 Considering only bosonic fields for simplicity we can see that the D-brane contributions to 
(5.10) are of subleading order, O(z) and bellow, and have the same structure with the O(z) terms 
of the pure gravity analysis. This is very similar to equation (4.16) of [15] which has given the large 
z analysis of gravity coupled to matter. 
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Appendix A: Details on pomeron derivations 

In this appendix we give a detailed derivation of the bosonic closed string pomeron 
vertex for level 1 states. The supersymmetric case follows in a similar manner. In the 
formulas below we show only the leading terms in the shifted momenta. Subleading 
terms in pi or fcj are represented by ellipsis. We begin with the OPE 



dX»dX v e if,lX dX p dX a e^ 2 - x ~ e i P -x+iwQ-dx+iwQ-8x^ w ^ 



PVP2 



■-V^ + fpZPi .dX»ft - dXP$ \ / -rf' + fftft .dX'p* - dX a p» 

(A.l) 



+ i — — + ... x — _/ — + i ^— — + .. 



where, as in the main text, p = p 1 + p 2 and 2Q = p 1 — p 2 . Now we make the 
substitutions 

W = -wQ ■ dX , W = -wQ ■ OX (A.2) 

and we integrate over the position W = re ld on the sphere using the integral formulas 
of Bessel functions 



o2tt /-27T 

-2ircos# o_ 7 I J n „i9 „—2ir cos 



f dde -^rcosv = 27r j ( 2r ) , / d6e M e-' Mrcosf) = -27riJi(2r) , (A.3) 
Jo Jo 

r°° it(^) r°° it(i + -) 

/ drr a J (2r) = ^-^4 , / dr^J^r) = =- 2 . (A.4) 

Jo 2 r(^) Jo 2r(i-§) 1 ; 

Defining P^ u and K^ v as in (3.45) and after some trivial manipulations we arrive 
at the final formula 

M „ = r (fPl -P2-l) j p . X ^ Q _ ^ _ ^y^.p, (A. 5) 

r (2 - f- pi ■ pa) 



{Q.dX)P iip -K w [^p 1 .p 2 -l 



x 



(Q-dX)P ua -K ua [- Pl -p 2 -l 



a' 



We show now how we can derive (3.51). We start with (3.50) which, using 
the standard technique of rewriting the vertex operators as exponentials in terms of 
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Grassmann variables, becomes 

ei^e 2 ;,e-^( )e 2lfc - x ( ) +2 ^^-^)- 9x ( )(2t/) 2Q ' fcl - fe2 (l + #(0)) 

^"•'^■'('•'■^ \ + / '« , (/,^ ,'•",()) + //;,'•" + (r7.Y" + ia'{k l ■ 0"(O) 



4 2 



f^((*i-^) + y(*i-*) (o) 



(A.6) 



We make now the substitution Y = yQ ■ dX and the integrations are usual gamma 
function integrals. In addition, we use the physical state conditions k^ = to 
rewrite 

The final result after the integration over y is 

ei ;M e 2;i , e -^(°)e 2ifc - x(0) r(-l + 2a'A; 1 • k 2 )(Q ■ dX)- 1 ' 2 ^^ x 

x (V(Q • • V) + + Ty^C + (Q • <9X)Af + . . . ) (A.8) 

where 

= -2(jfei • VO^I-l + Sa'A;! • fc 2 ) , = -(^jfe" - ^ v k^) , 

C=(-l + 2a'A;i.A; 2 )((fci-^ + (fci-^)) . (A.9) 

Appendix B: Open-closed mixing pomeron 

Assume that the closed string tachyon has only world- volume momenta, a'p ■ D • p = 
a'p • V • p — 4. The relevant OPE takes the form 

. e ip-X(w) . . e iDp-X(w) . . e 2ik-X(z) . ^ 

( w _ w)^ P ' D ' P (w — z) a '^' k {w — z } a 'P- D -~ k ; e »p--X(w)+iDp-X(w)+2ifc-X(z) . ^ (B.l) 

Using Dp = Vp = p and Cartesian coordinates for the upper half-plane w = x + iy as 
well as expanding X(z) around x and setting z = x + R yields the pomeron operator 

/+oo l>CO 
dR dyy 2 (R 2 + y 2 ) a ' pk e 2iRkdx e 2i ^ p+k > x ^ . (B.2) 
■oo JO 

The integration above gives 

r (-1 - a'p ■ k) T(4 + 2a'p ■ k) 

V T < T °(k,k+V-p) ~ {ldX)- 2a ' k ^ 7 N . Hvp+kyxw 

T(-a'p ■ fc)r U + a'p •jbjrU- a'p • fc] 

(B.3) 

Finally, we can insert this operator on the disc along with two open string tachyons 
to calculate 

(v T < T °(k,h + V -p) V To (k 1 ) V T °(k 2 )^ (B.4) 
and we get the result (3.25) for a'(V ■ pf = 4, 2a'p ■ k = — s — 3. 
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Appendix C: The candidate effective actions 



In this appendix we present the two low energy effective actions, supergravity and 
DBI, that can serve as a starting point of our analysis. For the supergravity we 
consider an expansion G^ u = g^ v + in terms of gravitational fluctuations h^ u 

about an arbitrary classical background g^ u . We consider only the NS-NS sector and 
moreover we ignore the Kalb-Ramond field for simplicity. We write the action plus 
de-Donder gauge fixing terms. Furthermore, we make a field redefinition to decouple 
the dilaton from the physical graviton field, i.e. we go to the Einstein frame 20 



2 1 D-2 

so that the gravity Lagrangian simply becomes 

L = V^g~ ^ u g Kp g Xa V,h KX V u h pa - h KX h, u R x ^ + \g» v d^d v <^ . (C.2) 

We will consider only amplitudes involving gravitons since this suffices for our pur- 
poses. Therefore we will drop the (re-defined) dilaton field, since it decouples from 
the amplitudes we are interested in. 

The abelian DBI action for a Dp-brane in the Einstein frame [d = 10) takes the 
form 

Sdbi = -T P J dv +l a e*?*^- det(G Q/3 + e-*l*B af) + 2na' e~W aP ) . (C.3) 

The fields G a b and B ab are pull-backs 

G a/ 3 = G^daX^dpX", B aj3 = B^daX^d/sX" (C.4) 

of the bulk fields G^, B^ u . The fields X^(a), \x = 0,1,..., d— 1 describe the 
embedding of the p-dimensional world-volume of the brane, which is parametrized 
by a a , a = 0, ...,p, in the ambient spacetime. The two vector fields <9 Q X^ and 
£f , i — p + 1, . . . , 9 define tangent and normal bundle frames respectively and satisfy 
the relations 

tfqGr = 5 tJ , gdaJCG^ = (C.5) 

where Sij is the normal bundle metric. Using these frames we pull-back tensors from 
the ambient space to the tangent and normal bundle. 

In the non-abelian action the various brane fields become matrix-valued func- 
tions and the symmetrized trace prescription is applied on the usual DBI. Moreover, 



20 



We use middle alphabet Greek letters for bulk indices. 
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there are extra terms involving commutators of the fields. We will not give the form 
of the non-abelian Lagrangian here since it will not be necessary for what follows. 

We choose to work in the static gauge where the world-volume coordinates a a 
coincide with the bulk coordinates for fi = 0, . . . ,p, which implies 

d a X? = 8i , G, U (X K ) = GV {a, X\a)) . (C.6) 

The fields X 1 describe transverse fluctuations of the brane. In this gauge (C.4) takes 
the form 

G a/ 3 = G a/3 + 2Gi( a d/3)X l + G ij d a X l dpX : > (C.7) 

and similarly for the antisymmetric tensor field. 

Now, we expand the DBI action to second order in the hard fields h^ u , \ and f a p. 
Since we will consider for simplicity only graviton amplitudes we can set B^ v = 
and $ = 0. The various fields are expanded around the soft background g^ u ,x l and 
A a as follows 

G>„ = y> + 2K N h flv , X i = x l + — ^=-A* , A a = A a + —=- — -a a . (C.8) 

yip ^IpZTca 1 

Notice that g^ u and h^ u depend on X 1 and therefore the total fluctuation in G^ u 
includes also A. 

It will be useful to write down the coupling constants that appear in the action in 
terms of Newton's constant the coupling of the gauge fields on the brane gr, p and 
a'. Moreover we give the relations among the open g and closed g c string couplings 
which appear in the definitions of the string vertex operators. We have the following 
relations [39, 40] which will be useful in our discussion 

9o / /\2 

— ~ (a ) , 
yc 

& P ~9.tpt)<*-*>l\ (eg) 

where g s is the asymptotic closed string coupling and we have ignored the exact 
numerical coefficients. 

For simplicity we will restrict ourselves to the case where the gauge field are 
turned off. In other words we will not consider amplitudes which involve gauge fields 
either soft or hard 21 . The quadratic action is of the schematic form 

aquad agr . qsc . omix ( (~\ 

^ DBI DBI ' '-'DBI ' ^ DBI i ^.1UJ 

21 Actually, if we keep the gauge fields the formulas below are written in terns of the open string 
metric [41] instead of the induced one. 



g c = 2hk n ~ g s (a') 2 , 

T 1 

V ~ W9 2 d p ' 
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where the various contributions take their name from the hard fields they involve. 
From the expansion of the square root 

yjdet(g af , + h af) ) = ^tg^ (l + l -h a a - ^h a ^ a + l -(Ji a a f + . . . ) (C.ll) 

we obtain the two graviton action 

Sdbi ~ / ,! 2 / dP+1(T ( K Nh a pT^ BI + K\h a ph l5 Z^f \ , (C.12) 
\ a ) 9d p J v 7 

where of course all indices are raised and lowered with the g a p metric 22 . The linear 
coupling is proportional to the brane stress energy tensor T^f BI . The quadratic term 
has a coefficient Z^j S (g) with no symmetry in its indices. 
The two scalar action takes the form 

Sdbi ~ J d p+1 * y^g~g^ Q 1 ' d a \ t d^ 3 . (C.13) 
Then, using vielbeins to expand the metric in the normal and tangent bundle 

9m = 4 e i% + e >^ , e;e^ = (C.14) 
and making the field redefinition A, = e\\i we arrive at the simple geometrical action 

J (P +l a JteTg-g^DjDpX. . (C.15) 



'DBI 



The covariant derivative above is defined using the normal bundle connection oj^} a 
(see for instance [26]) 

D a \- = d a \ + (J$a ~ d a x^ K ef4)\. (C.16) 

as it is the natural object which commutes with the vielbeins e\. The action mixing 
bulk and brane modes takes the form 

SBbi ~ ~^—KN I d p+l a v^ditlr^"" {daKd p x«h KV + X^d a x K d p x x d u h KX ) . 

a 9 Dp J 

(C.17) 

This can also be written in an equivalent form using the normal bundle vielbeins. 
The second term in the action above originates from Taylor expanding the metric in 
(C.6) around the background in (C.8) 

G^(a, X 1 ) = G^(a, x l ) + X^G^a, x') + . . . . (C.18) 

The full action needed for our analysis is given by the sum of the actions in (C.2) 
and (CIO). 



22 Notice that g a p and h a p are the pull-backs of and h^ v evaluated at A 4 = 0. 
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